The structure of the half-integer rectilinear disclination line within the framework of the Landau-de Gennes effective theory of nematic liquid crystals is investigated. The consistent perturbative expansion is constructed for the case of L 2 = 0. It turns out that such expansion can be performed around only a discrete subset of an infinite set of the degenerate zeroth order solutions. These solutions correspond to the positive and negative wedge disclination lines and to four configurations of the twist disclination line. The first order corrections to both the order parameter field as well as the free energy of the disclination lines have been found. The results for the free energy are compared with the ones obtained in the Frank-Oseen-Zocher director description.
Introduction
Disclination lines in nematic liquid crystals rank among the most popular topological defects encountered in condensed matter physics [1, 2, 3, 4] . This notwithstanding, there are still a number of interesting theoretical problems to be solved, which particularly holds for the Landau-de Gennes theory, for its review and discussion see, e.g., [5] . Such a state of affairs is partly due to the relative complexity of the order parameter structure in that theory. Not less importantly, the Landau-de Gennes model appeared a decade later than the Frank-OseenZöcher director formalism [6] . In contrast to that formalism, which leaves the question of the core structure of the disclination line open, the relevant solution in the Landau-de Gennes model is smooth everywhere [7, 8, 9, 10] . Although both the formalisms account for the intrinsic elastic anisotropy of a nematic medium, only in the director formalism the exact solution for generic values of the Frank elastic constants had been found [11, 12] . At the same time, to the best of our knowledge, even approximate analytical results for the case of L 2 = 0 in the Landau-de Gennes model, which correspond to the two-constant approximation in the director formalism, are still missing. The only results are those reported by Schopohl and Sluckin in [8] , where numerical calculations have been carried out for half-integer wedge disclinations.
In this paper we consider a generic half-integer disclination line within the framework of the Landau-de Gennes theory. Our main result is the formulation of a consistent perturbative expansion for the case of L 2 = 0. It must be mentioned that we draw extensively on the results obtained in [10] . Therein the isotropic L 2 = 0 case has been thoroughly discussed, which represents the zeroth order of the perturbative scheme constructed here. Via some symmetry considerations we find that only around a restricted set of the zeroth order solutions a perturbative expansion can be consistently performed. The presented scheme allows one to generate the corrections in all consecutive orders of the expansion. The forms of the first order contributions to the order parameter have been found explicitly. For the positive and negative wedge disclination lines in the simplest high symmetry case of β = 1 3 accounted for in [10] also numerical calculations have been performed. What is important, the relevant corrections proved to be at least one order of magnitude smaller than the zeroth order contribution, which validates the applicability of the preturbative approach. Next, the polynomial approximation suggested in [10] has been taken full advantage of in order to estimate the first order corrections to the free energy. In accord with the results obtained within the two-constant approximation in the director formalism [12] , for L 2 > 0 (L 2 < 0) the twist disclination line (the positive wedge disclination line) has been found to have the lowest free energy. The first order correction to the free energy of the twist disclination line was found to be logarithmically divergent, whereas that of both the wedge disclination lines turned out to be finite. The corresponding first order corrections to the value of the 'critical' temperature below which the smooth disclination line is energetically favourable have been estimated. The corresponding 'critical' temperatures have been found to increase (decrease) for L 2 > 0 (L 2 < 0) for all types of the disclination line.
The paper is organized as follows: in Sec.2 the preliminary considerations have been presented, Sec.3 includes the very construction of the perturbative expansion, whereas Sec.4 focuses on the first order corrections to the free energy and to the value of the 'critical' temperature, in Sec.5 some final remarks have been made, and in Appendix the derivations of the first order corrections to the order parameter are to be found.
Preliminaries 2.1 The Landau-de Gennes theory
The order parameter for the nematic liquid crystal in the Landau-de Gennes theory is a symmetric traceless real tensor Q ij , where i, j = 1, 2, 3 and the corresponding free energy density is given by the following formulae
where
For the standard stability reasons constants a and c are assumed to be positive. Furthermore, for most of the explored nematogenic compounds, see e.g. [13] , the ground state proved to be that of a uniaxial ordering, that is why we set also the constant b to be positive. Simple stability analysis for basic inhomogeneous conformations of the order parameter [13] shows that the elastic constant L 1 should be positive, whereas for L 2 the following restriction has to be satisfied
Hence, negative values of that constant are not excluded. The order parameter in the ground state is a constant tensorQ g , whose form we obtain from the necessary condition for local extrema of the free energy. It is given by the following formulaQ 
and
whereas the transformations O without loss of generality can be restricted to the set of the proper three-dimensional rotations SO (3) . Thus the vacuum manifold is continuously degenerate.
In [10] it has been found that for the rectilinear disclination line in the Landau-de Gennes theory with L 2 = 0 the order parameter takes on the following axially symmetric form
where η 0 is given by the formula (6), functions S(ρ), R(ρ) are a pair of smooth structure functions satisfying the following boundary conditions 
The core of the disclination line given by the above solution is smooth with a planar uniaxial phase on the line, the maximal eigenvalue ofQ being negative, reached via the ring of biaxiality as one approaches the line from the far-off area filled with the uniaxial phase. On taking some simple assumptions as to the creation of the singular disclination core [10] , it was pointed out that for sufficiently low temperatures parametrized by
the smooth disclination line represents an energetically preferred conformation, wheras for β large enough a singular core with the isotropic phase inside will be more favourable. The 'critical' value of β dividing those two stability domains was estimated to be equal to 0.12.
Degeneracy of the ground state of a rectilinear disclination line
It is clear that Ansatz (7) does not exhaust the set of the possible solutions of the pertinent Euler-Lagrange equation for the rectilinear m = 1 2 dislination line when L 2 = 0. Other topologically equivalent solutions are given by the formulâ
where O 1 ∈ SO(3). The topological equivalence does not yet mean the physical one. While all the solutions (12) are characterized by the same free energy, they describe distinguishable spatial configurations of the nematogenic molecules; e.g.Q d corresponds to a configuration where far off the disclination line all the molecules lie on avarage in the xy-plane (a wedge disclination line), whereas inserting for O 1 in formula (12) the matrix
one arrives at the configuration referred to in the literature [2] as a twist dislination line where all the far-off molecules tend to lie in the plane parallel to the direction of the line. On the other hand, among solutions (12) one may find such which, failing to display mathematical identity, result in the same spatial configurations of molecules, the difference originating from the mere change of the frame of reference. In general, two solutionsQ and Q give physically equivalent spatial configurations, if there exists such a global coordinate
Group H d contains all proper orthogonal transformations which leave the position of the disclination line unchanged. We purposefully omit the group of one-dimensional translations along the line as irrelevant here. Thus H d = SO(2). Eq. (14) means that physically nonequivalent configurations correspond to the different right cosets SO(3)/SO(2). Knowing that any rotation can be parametrized with the set of three Euler angles, one finds easily that the looked for elements of the coset are given by the formula
where O y , O z refer to the rotations about the y-and z-axis, respectively, and Θ ∈ [0, π], Ψ ∈ [0, 2π). One should also exclude the case where both the rotation matrices in the above formula commute, i.e. when θ = 0 or π, and different values of angle Ψ lead to the physically indistinguishable configurations. Apart from that, there exists one more symmetry in the system. Namely, one can easily check that
This means that transformations O 1 (Θ, Ψ) i O 1 (Θ, Ψ)O 0 result in mathematically equivalent solutions. Moreover, because
we get nonequivalent solutions for Ψ in the reduced segment of [0, π). Summing it all up, the physically nonequivalent configurations are given by formula (12) , where O 1 is given by formula (15) with pairs (Θ, Ψ) lying in the interior of a square (0, π) × (0, π) or on its boundary segment [0, π] × {0}.
3 Construction of the perturbative expansion
First steps
The main goal of this section consists in reporting the construction of the perturbative scheme in the case of L 2 = 0. The unperturbed system corresponds to the so called oneconstant approximation in the director formalism, where
, whereas the perturbation takes on the following form
As the expansion parameter we identify the dimensionless ratio ε = 2L 2 /(2L 1 + L 2 ). One can easily check that the following identity holds: The fact that these values of ε are large does not mean that the perturbative calculations are out of place here, as one should remember that what is relevant is not the value of the expansion parameter itself but the order of magnitude of the full consecutive corrections. It will be demonstrated later that the first order corrections are at least one order of magnitude smaller than the zeroth order contributions, so the perturbative approach finds quite a good justification.
For the sake of operational convenience let us introduce a rescaled order parameterq defined by the following formulaQ
as well as dimensionless coordinates defined as follows
In the variables introduced above the Euler-Lagrange equation takes on the following form
where the derivatives with respect to the dimensionless coordinates are marked out by a tilde. We seek its solutions assuming the perturbative expansion
Inserting expansion (24) into equation (23), and equating to zero the factors appearing at the subsequent powers of ε we find equations governing the dynamics of the subsequent corrections to the order parameter.
In the zeroth order we obtain the equation discussed in detail in [10] ∂ k∂kq0 + 2 3q 0 + 3βq
According to what has been said in the previous section the physically nonequivalent solutions of equation (25) 
where O 1 (Θ, Ψ) is given by the formula (15) andq d (s, φ) has the following form
The equations in higher orders of the perturbative expansion are of the general form
where k = 1, 2, . . .,L denotes a linear operator in the space M of coordinate-dependent symmetric traceless and real matrices 3 × 3. Its action on a generic elementm =m(s i ) in that space is defined by the formulâ
The consecutive terms on the r.h.s. of Eq. (28) can be obtained from the formal recipê
where matrixĥ is defined by the formula
withq in the form of expansion (24). For example,
L andN k depend on the zeroth order solution (30,31). In spite of that, we do not fit those entities with an additional subscript referring to a givenq (Θ,Ψ) 0 but stipulate that all the formulae to be found hereafter refer to a generic choice of a pair (Θ, Ψ), unless stated otherwise.
Symmetry considerations
It is clear that the unperturbed system is invariant under the action of the full SO(3) group, i.e. the free energy is the same for any solution of the form
where O ∈ SO(3). A simple consequence of this symmetry is the existence of the corresponding rotational zero modes. One can easily check that they have the form
wheret α denotes the generator of the rotation about axis α (α = 1, 2, 3). The modes (35) are eigenfunctions of operatorL belonging to the eigenvalue equal to zero. Yet, the SO(3) symmetry of internal rotations is not the only one in the system. The other one is the group of translations along the three independent directions. This symmetry originates from the homogeneity of the system, as we assume here that all the material constants a, b, c, L 1 , L 2 do not depend on the coordinates x i . Similarly, there exist three corresponding translational zero modesτ
where i = 1, 2, 3. Furthermore, becauseq 0 does not depend on variable s 3 , the modeτ 3 corresponding to the trivial translations along the disclination line vanishes. On differentiating both sides of equation (25) with respect to s i (i = 1, 2) we see that these modes are the eigenfunctions ofL belonging to the eigenvalue 0.
The zero modes discussed above possess a clear physical interpretation, i.e. they appear as the consequence of the symmetry of the unperturbed model.
Note that
From that follows that there exists such a solution of equation (28) with k = 1 that is independent of coordinate s 3 . However, the general solution of that equation does not exclude the s 3 -dependence. That is, a particular solution dispalying the translational symmetry along the direction of the line may in general be appended by a solution breaking that symmetry. The latter one would have to be an eigenfunction ofL to the eigenvalue 0 and would correspond to the excitations of the disclination line disturbing its rectilinearity. As the discussion of such perturbations will clearly exceed the intended scope of the present paper, we set that part of the full solution to zero in all consecutive orders of the perturbative expansion. Now the solution depends exclusivly on coordinates s 1 , s 2 . So, everywhere hereupon the Roman indices take on only two values {1, 2}. Now that we have explored the symmetries of the unperturbed model we may pass on to discussing their consequences. Letμ denote any of the zero modes mentioned above. Next, multiplying both sides of Eq. (28) byμ, taking the trace, and integrating the resulting equation over the circular area C(O, L) centered at the origin of the coordinate system, whose finite radius we denote by L, we arrive at the following equation
The l.h.s. of the above equation can be rewritten into the form
The contribution from the last term in brackets vanishes, asμ represents a zero mode, whereas the contribution from the remaining terms, on applying the Stokes theorem and some simple algebra, may be transformed into the following form
Here we arrive at the crucial point of this paper. Firstly, note that the rotational zero modes θ α reach their φ-dependent asymptotic form as quick as s −2 , whereas the translational ones vanish as s −1 , see formulae (27), (35-36). Secondly, it is only natural to assume that the consecutive correctionsq k are finite at infinity. That given, we conclude that the expression (40) vanishes in the limit L → ∞. As a consequence we obtain the following consistency conditions
where k = 1, 2, . . .. They are to play an essential role in the construction. Let us analyse the consistency conditions (41) for k = 1. To this end it is convenient to writeN 1 in the formN
whereD 0 denotes the following matrix
and∆ is the Laplace operator in the plane (s 1 , s 2 ). Remembering that the zero modes are symmetric and traceless matrices, the consistency condition can be rewritten as follows
To begin with, let us consider the translational zero modesτ i (i = 1, 2). Integrating by parts one can transform the l.h.s. of the condition (44) into the following form
As the expression within the brackets in the second integral vanishes in the limit s → ∞, this integral will give no contribution. Neither will the surface integral, which follows immediately from the asymptotic behaviour ofτ i 's. Thus, the consistency conditions with the translational modes are trivial; they do not impose any restrictions on the zeroth order solution. There is nothing strange about it because the unperturbed model as well as the perturbation itself do not break the translational symmetry, so this symmetry holds for the full system. As a consequence, we obtain an infinite set of degenerate solutions which differ from each other in the position of the disclination core. The consistency conditions with the rotational zero modesθ α (α = 1, 2, 3), see Eqs. (35, 41), can be rewritten as follows
where the brackets denote the commutator. One can easily see that [q 0 ,∆q 0 ] = 0. For the remaining term, on inserting the explicit form ofq (Eq. (26)) and using polar coordinates in the plane (s 1 , s 2 ), we obtain
for α = 1, 2, 3, respectively, where ′ denotes the differentiation with respect to s. The integrals in (47) and (48) are nonzero and finite for every finite radius L, whereas in the limit L → ∞ they diverge. Therefore, the only way to satisfy the consistency conditions is to select these pairs (Θ, Ψ) that solve the system of equations
which has the following solutions
Thus, via the consistency conditions we have arrived at the conclusion that not all configurations are in agreement with the perturbation. The consistency conditions serve as a kind of a selection rule for the zeroth order configurations 'matching' the specific perturbation (19). The situation here is similar to what one encounters while considering perturbations of the quantum mechanical systems with a degenerate level, where the perturbation is well known to single out a basis in the subspace of the Hilbert space corresponding to that level. So, each of the pairs (Θ, Ψ) given above represents the zeroth order configuration singled out by the perturbation δF . The first two configurations (51,52) correspond to the wedge disclination lines, positive and negative, respectively, whereas the last four cases are twist configurations. Let us comment on the result for α = 3, see Eq. (49). That identity suggests that the subgroup SO(2) of the rotations about the direction of the disclination line may well represent the symmetry of the full system. Yet, one can check that, in general, those rotations do affect the value of the perturbation. So, all one can gather from Eq. (49) is that they do not change the free energy up to the first order of the perturbative expansion.
In conclusion, it is only some of the zeroth order solutionsq
that are 'matched' with the considered perturbation. In other words, the perturbative expansion of the order parameter will be consistent only when carried out around the selected configurations given by (51-56). In the next subsection we present a systematic procedure for finding the consecutive corrections to the order parameter.
Corrections to the order parameter
The corrections to the order parameter field in the consecutive orders of the perturbative expansion represent the solutions of the linear differential equations (28), where the operatorL, given by (29), is the same for a fixedq 0 in all orders of the expansion, and the inhomogeneous termsN k (k = 1, 2, . . .) are defined in (30), (31).
Let us begin with the construction of the solution for Θ = Ψ = 0 (a positive wedge disclination line), and Θ = π, Ψ = 0 (a negative wedge disclination line). Next we will pass on to discussing the remaining cases (53-56). It is convenient to introduce the local φ-dependent basis in the space M defined by the following series of formulaê
where a = 1, . . . , 5, and
The index σ = ±1 corresponds to the case of the positive and negative wedge disclination line, respectively. The set {Ê σ a (φ), a = 1, . . . , 5} is an orthonormal basis with respect to the standard scalar product in matrix spaces
We find it convenient to adopt here and in what follows the quantum mechanical bra-ket notation.
Next step consists in projecting Eq. (28) onto the directions of the basis vectors, which results in the following set of equation
where a = 1, . . . , 5, k = 1, 2, . . ., and there is no summation with respect to σ. Inserting betweenL σ andq k the appropriate identity operator |Ê σ b
Ê σ b |, where the summation is carried out exclusivly over b = 1, . . . , 5, one obtains a system of five equations
It is clear, see (29) , that the matrix elements ofL σ are not simple scalars but they contain differentiation with respect to polar coordinates (s, φ). Some careful algebra allows one to obtain
where a, b = 1, . . . , 5, δ ab is the Kronecker delta, ∆ s = 
Non-vanishing matrix elements ofĴ 3 are given by the formulae
where parameter β is defined in (11) , and functions S, R define the zeroth order structure of the order parameter, see (7) . Note that the only φ-dependence of the matrix elements L . That leads to a great simplification in the next step, where the Fourier analysis of components q σ ka (s, φ) will be undertaken. Moreover, the formulae (66-68) show that the full space M ∋q σ k splits into the simple sum of two subspaces 2) invariant with respect to the action ofL σ therein. The subspace M (1) comprises components q σ ka with a = 1, 2, 3, whereas M (2) -the remaining ones. We will address the subspaces separately.
For each k = 1, 2, . . . we expand components {q 
The Fourier analysis results in a fine structure of an infinite-dimensional space F (1) , which splits into an infinite simple sum of subspaces F σ(1) l invariant with respect to the action of L σ(1) , where superscript (1) refers to that part ofL σ which acts in M (1) . One may write then
The subspace F σ(1) 0 has the following structure
where S denotes the space of smooth functions of the radial variable s, whereas the structure of the subspaces with l = 0 can be described as
So, the three-dimensional subspace F σ(1) 0 comprises components {v σ0 ka (s), a = 1, 2, 3}, whereas the components belonging to the six-dimensional subspaces F
is represented byL
, which for l = 0 are 6 × 6 matrices with the following block structurê
where I in the formula above denotes a 3 × 3 identity matrix, whereasĴ
represent submatrices ofĴ 1 ,Ĵ 2 andĴ 3 , respectively, comprising the first three rows and columns. For l = 0 we obtain the 3 × 3 matrix given by the following formulâ
Note that this operator is independent of σ. The last step is a partial diagonalization ofL
with l = 0. It is carried out so as to get rid of the off-diagonal blocks containingĴ
2 ), the appropriate transformation O (1) exists and, for both values of σ and all nonzero l, has the same form
On applying this transformation,L σ(1) l take on the following form
where 0 denotes the 3 × 3 null matrix, andD σ(1) l iĴ (1) are given by the formulaê
From (76) one can see that each subspace F σ(1) l splits now into two invariant subspaces corresponding to the following pair of triplets of new components
Before making another step further, let us recapitulate the operations performed so far. Our aim is to solve the linear equation (63) Yet
Similarly, the module F (2) generated by that expansion splits into the simple sum of the subspaces invariant with respect to the action ofL σ(1) therein,
which have the following structure
for l = 0, and
for l = 0. So, the subspace F . For l = 0 the 4 × 4 matrices of these operators have the following block structurê
where I in the above formula denotes a 2 × 2 identity matrix, whereasĴ
represent the submatrices ofĴ 1 ,Ĵ 2 andĴ 3 , respectively, comprising the last two rows and columns. The operatorL
has the following form
1 +Ĵ
3 .
From (67), (68) one can see that this operator is diagonal and again independent of σ. Likewise, the next step to take is the partial diagonalization ofL 
On applying this transformation to the operatorsL σ(2) l , they take on the form
where 0 denotes the 2 × 2 null matrix, whereasD σ(2) l andĴ (2) are defined by the following formulaeD
(1 + 3β)(S 2 + 3R 2 ) 3βR 3βR
From (89) one can clearly see that each subspace F σ(2) l splits into two invariant subspaces corresponding to the following pairs of new components
This ends the first two stages of the construction, both of which were focused exclusively on the l.h.s. of Eqs. (63). The last natural stage is, therefore, to transfer all the transformations performed to the r.h.s. of those equations. The right order of carrying out all these transformations and the transformations themselves follow clearly from the context of the analysis presented above. So, the only task remaining is to introduce appropriate and, we hope, clear notation. 2) . The Fourier analysis in these spaces leads to the spaces F (1) and F (2) where the components V 
for a = 4, 5, and the following inclusions hold
The last step consists in taking the orthogonal transformations O (1) and O (2) (l = 0) into account. It is clear that the right transformation rules for N σl k (1) and N σl k(2) have the form
In conclusion, the solution of the original Eq. (63) in each order k = 1, 2, . . . of the perturbative expansion has been reduced to the solution of the following, in general, infinite set of ordinary differential equations
Fortunately, only a finite number of the inhomogeneous terms in (98) are non-zero. For the detailed discussion of the first order corrections to the order parameter for both the positive and negative wedge disclination lines see Appendix 7.1. Now the construction of the solutions for the remaining four cases (53-56)) representing the twist disclination lines is yet to be discussed. Letq ⊥ denote the solution corresponding to these cases. In the zeroth order of the perturbative expansion the order parameter can be written as followsq
where (Θ, Ψ) is one of the following pairs
So, the relevant equations for the consecutive corrections to the order parameterq
Let us multiply either side of the above equation by (O 1 (Θ, Ψ)) T and O 1 (Θ, Ψ) from the left and right side, respectively. Then, one obtains
(1 + 3β)Tr q
or in symbolic notationL
As a result, we have reduced the problem of solving Eqs. (102) forq ⊥ k to the previously discussed problem of solving Eqs. (106) for the modified correctionsq ⊥ k , with exactly the same linear operatorL + as for the positive wedge disclination line. So, the main part of the analysis will proceed as it did for the case of σ = +1, the only difference lying in the appropriately adjusted notation; all quantities corresponding to the corrections to the order parameter should be fitted with a tilde and superscribed with ⊥ instead of σ. For the first order correction to the order parameter of the twist disclination line with (Θ, Ψ) = ( The general solution for the correctionsq k (k = 1, 2, . . .) in each of the cases discussed above consists of two terms, i.e. of a particular solution of the relevant inhomogeneous equation and a general solution of its auxiliary homogeneous partner, the latter spanning an infinite-dimensional space. That space splits into the subspaces corresponding each to the fixed value of l = 0, 2, . . . and one of the indices (1) or (2) . Obviously, only those elements which are continuous at s = 0 and finite for s → ∞ are physically relevant and should be incorporated in the solution. In general, they correspond to different forms of excitations of the disclination line, the zero modesτ i (i = 1, 2, 3),θ α (α = 1, 2, 3) among them enjoying a particularly simple physical interpretation. In the first order we set the contribution from these solutions to zero. One can check, not easily though, that this is consistent with the constraints (41) for k = 2. So, the final solution for the rectilinear disclination line up to the first order of the expansion has the form
where Σ ∈ {+, −, ⋆} is to refer to the different types of the disclination line, see Appendix.
The solution (107) may be called the minimal solution in the sense that it contains no excitations except for those that are forced by the anisotropic perturbation. For the sake of completness of the investigation, we have found numerical solutions for the first order corrections to the order parameter of the wedge disclination lines in the special high symmetry case of β = . Then, S ≡ 1 and the only non-vanishing functions P ± 3 (s) (see Appendix 7.1) satisfy the following equations
The numerical solutions were found with the help of the Mathematica 3.0 package. Below, the zeroth order structure function R(s) as well as the first order structure functions P ± 3 (s) together with their first derivatives are depicted. The graphs above show that the first order corrections are of order ∼ 0.01ε. Taking into account the estimated values of the perturbative parameter (see the beginnig of this section) and the order of magnitude of the unperturbed contribution, one can see that the ratio of the first to zeroth order contribution is ∼ 0.01. Therefore, the idea of the perturbative scheme finds quite a good justification. Admittedly, the above conclusion holds for the special case of β = 1 3 , but the equations for the functions P (s) giving the first order corrections to the order parameter (see Appendix) depend smoothly on β and, therefore, one can expect this conclusion to hold even in the generic case when β = 
Corrections to the free energy
In general, the knowledge of the corrections to the order parameter up to the k-th order of the expansion in the discussed model allows one to calculate the (k + 1)-th order correction to the free energy. The free energy of the smooth disclination line contained in the concentric cylinder of the radius Lξ 0 per unit length is given by the formula
is a dimensionless quantity, and the subscript 'b' is meant to refer to the smoothness of the underlying configuration. Inserting the expansion (24) into (111), we obtain
for k = 1, 2, . . .; f bk represent the dimensionless corrections to the free energy density in the consecutive orders of the expansion. In the first two orders they have the form
The zeroth order contribution had been thoroughly discussed in [10] . Let us quote here the most relevant results from [10] . The zeroth order contribution to κ b can be written in the form
where F has the following form
The regularized free energy density is given by the formula
The choice of s 0 ∈ (0, L) in (116) is completely arbitrary because it does not affect the value of κ b0 . It is apparent from (116) that the free energy of the unperturbed disclination line comprises two divergent terms, see the third integral in (116). The first one is logarithmically divergent and its appearance is due to the existence of the rotational zero modes. The other divergent term originates from the fact that the free energy density of the ordered phase takes a negative value relative to that of the isotropic phase which has been set to zero.
The asymptotic behaviour of the free energy density of the singular disclination line in the zeroth order has the following form
where the subscript 'c' had been meant to refer to singular configurations. Hence, the corresponding zeroth order contribution to κ c is given by the formula
where s c0 , representing the dimensionless radius of the singular core in the zeroth order of the perturbative expansion, has the form
The form of the first order correction to the free energy can be readily obtained by making use of the following identity
which can be derived from Eq(25) by first multiplying either side of it byq k , then taking the trace and integrating over the area of a circle C(0, L). The first order correction can then be written as
The formula (124) shows that to obtain κ b1 one does not need to know the first order correction to the order parameter in detail. The only relevant information concerns the asymptotic behaviour ofq 1 ; forq ± 1 andq ⋆ 1 discussed in Appendix 7.1 and 7.2, respectively, the surface contribution in (124) vanishes at least as L −2 in the limit L → ∞. Now, taking advantage of the polynomial approximation for the functions R,S developed in [10] , we can estimate the first order corrections to the free energy of the smooth disclination lines discussed in Appendices. Using (124), (125), and the results from [10] , one obtains
Firstly, from (126,127) it follows clearly that the perturbation removes the degeneracy. Up to the first order the free energy gap between the positive and negative wedge disclination lines is given by
But it is the twist disclination line that represents the configuration of the lowest free energy. This is due to the logarithmic divergence of the corresponding free energy density. That conclusion is in perfect agreement with the result obtained in [12] , where the corresponding solutions within the framework of the Oseen-Zöcher-Frank theory had been considered.
The first order corrections to the free energy of the corresponding singular disclination lines one can find remembering that in that case the only 'active' degrees of freedom are those connected with the average orientation of nematogenic molecules, i.e. the director field, whereas the degree of the orientational ordering itself is fixed at the vacuum value. Formally, the transition from the smooth configuration to the singular one is equivalent to taking the limit R, S → 1. For both the wedge disclination lines this leads immediately to the following result
which gives
Due to the presence of the logarithmically divergent term in (127), the limit R, S → 1 cannot be carried out in such a straightforward manner. In that case, one has to perform the transition at the level of the corresponding free energy density. Some strenuous algebra gives
for the first correction to the free energy density of the singular twist disclination line. Like in [10] , we assume that the boundary of the core of the singular disclination line represents the set of points at which the free energy density vanishes, i.e it is equal to the free energy density of the isotropic phase. So, the radius of the boundary as the function of φ is given by
where f ⋆ c (s, φ) is the full free energy density of the twist disclination line. A simple calculation gives
The first order correction κ ⋆ c1 can be found from the obvious formal recipe
Using (120), (131), and (133), one obtains
Hence,
In [10] the critical value of β, below which the smooth disclination line is energetically more favourable than the singular one, has been estimated to be equal to β cr = 0.12. In the present context of the perturbative expansion that value represents the solution of the following equation
where ∆κ bc0 (β) is the zeroth order contribution to the full difference between the free energy of the smooth disclination line and that of the singular one ∆κ 
where ∆κ Σ bc (β) as well as β Σ kr should be replaced by their perturbative expansions in ε
where, in accord with (137), β Σ 0 = β cr = 0.12. From the first order of the expansion of Eq.(138) one obtains the formula for the first order correction to β Σ cr
The value of the derivative appearing within the parentheses can be easily estimated with the help of the results obtained in [10] , see Fig.4 . therein. The rough estimation gives
Using that estimation and the relevant results from Subsection 3.3 in [10] , one obtains
For each type of the disclination line the first order correction to β Σ cr is positive, which means that in each case the perturbation causes the stability area of the smooth disclination line to expand if L 2 > 0 or to shrink otherwise. Yet, even for the twist disclination line in MBBA the relevant correction is too weak to stabilize the smooth configuration; the corrected value of β ⋆ cr still does not exceed the value β m = 0.174 which estimates the nematic-crystalline state boundary.
Final remarks
Let us recapitulate the main results of the paper.
1. The perturbative scheme presented here represents, to the best of our knowledge, the first analytical attempt to go beyond the L 2 = 0 approximation for the disclination line in the Landau-de Gennes model. In [8] only the numerical analysis of the problem has been carried out. The idea of the scheme rests upon the crucial assumption that the relevant solution can be written as a power series in the perturbative parameter ε. We are not able to give a proof of convergence of this series. We have obtained the infinite system of equations, of which only the zeroth order one is nonlinear. The linear operator appearing in the equations for the consecutive corrections has exactly the same form once the zeroth order solution has been chosen. An essential part in the scheme play the zero modes whose existence is due to the symmetries of the unperturbed system. Mathematically, they represent eigenfunctions of the aforementioned linear operator belonging to the eigenvalue zero. Via consistency conditions they have been shown to select those solutions of the unperturbed system which are 'matching' the perturbation.
2. With the help of the Fourier analysis of the corrections the problem of solving the rather complex linear partial differential equations (28) has been reduced to that of solving a system of linear ordinary differential equations (98). The fact that just in the first order the number of P -functions (see Appendix) for, say, the twist disclination line amounts to 15, and will grow as one passes on to the higher orders, renders the scheme quite impractical in the second and higher orders. Yet, it has to be stressed that it does by no means represent any flaw of the scheme but is a pure consequence of the nontrivial structure of the order parameter for a disclination line in the Landaude Gennes model. Moreover, one has to remember that the first order correction to the order parameter field is all one needs to calculate the second order correction to the free energy, which in view of the fact the the model per se is not exact provides a satisfactory approximation. Another important aspect of the scheme is that it represents an approach complementary with purely numerical calculations [8] .
3. The scheme posseses yet another advantage. It seems that it can be applied to higher order terms in the elastic free energy density expansion. What is important, they would not affect the form of the linear opeartorL. Thus, the whole structure of the scheme would remain intact. Certainly, the inhomogeneous termsN k would be affected, and probably some alterations of the set of the unperturbed solutions cosistent with the higher order term in question would appear.
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7 Appendix -the first order corrections to the order parameter 
where R ′′ , S ′′ and R ′ , S ′ denote the second and first derivatives with respect to s, respectively. For the nonvanishing components of q , we accept the following notation
Now, using (73-74), (98-99), (144-145), one obtains
(1 + 3β)(S 2 + 6R 2 ) P (1 + 3β)(S 2 + 6R 2 ) P
Note that Eqs. (147) and (149) for P 
Our considerations would be obviously far from complete if they lacked any attention to the relevant boundary conditions. From the physical requirement that both the corrections should be continuous at s = 0, one obtains the following boundary conditions for
where c ± 1 and c ± 4 are constants to be specified in the course of the corresponding numerical calculations. The boundary conditions for s → ∞ are fully determined by another understandable requirement that the corrections should be finite. Namely, in the limit s → ∞ functions P ± i (s) (i = 1, 2, . . . , 5) can be expanded in the following series
In the above sum all odd powers of 1 s have been omitted. These terms vanish because the relevant expansions for R(s) and S(s) contain exclusively even powers of 1 s , see [10] . It manifests itself through Eqs.(147-150) being invariant with respect to the formal transformation s → −s. For the sake of the argument to come, let us quote here the first two expansion coefficients for R and S R 0 = 1,
Inserting (154) together with the appropriate series for R and S into Eqs. (147-150), one obtains the following system of equations for the expansion coefficients P
As (156) is the Cramer system, we get P ±0 1 = P ±0 2 = 0. In (157) the two last equations are identical, so the system does not determine the values of coefficients P ±0 i (i = 4, 5) uniquelly, but it is equivalent to the following system 
Again, the l.h.s.'s of the two last equations in (159) and (160) are identical, whereas, in general, their r.h.s.'s differ. Hence, for the systems to be consistent one has to demand that their relevant r.h.s.'s should be equal. This requirement leads to the following system
which together with the second equation in (158) give uniquelyP
= 0. To conclude, the consistent boundary conditions for P ± i (s) (i = 1, 2, . . . , 5) have the following form
The twist disclination line case
For the non-vanishing components ofN 
where Ψ takes on one of the four values {0, ). One should remember that in the above formulae the symbol ′ denotes the differentiation with respect to s exclusivly for the functions R or S. Otherwise, it refers to the orthogonal transformations O (1) and O (2) in the submodules F (1 + 3β)(S 2 + R 2 ) P (1 + 3β)(S 2 + 9R 2 ) P (1 + 3β)(S 2 + 6R 2 ) P (1 + 3β)(S 2 + 6R 2 ) P 
(1 + 3β)(S 2 + R 2 ) P (1 + 3β)(S 2 + 6R 2 ) P (1 + 3β)(S 2 + R 2 ) P (1 + 3β)(S 2 + 6R 2 ) P (1 + 3β)(S 2 + 6R 2 ) P (1 + 3β)(S 2 + 3R 2 ) P ⋆ 12 + +3βRP (1 + 3β)(S 2 + 3R 2 ) P (1 + 3β)(S 2 + 3R 2 ) P (1 + 3β)(S 2 + 3R 2 ) P ⋆ 15 + +3βRP
